L16.  Review of Thermodynamics
Ideal Gas Laws

All the ideal gas laws are derived from the following:

pV = NtkT

where in this case Nt is the total # of molecules in volume V.

This relationship can be derived using kinetic theory and the following principles:

  1) Equipartition of energy among available states

  2) Boltzmann principle pi ~ exp(Ei/kT)
You can convert from this universal gas law to the others using the following identities

   N = Nt/NA 
  R* = kNA
  R = R*/M

   = NM

   = 1/

When considering mixtures of gases, note that mass, number, pressure, and heat capacity (J/K) for each species add linearly.  The effective molecular weight is obtained by the total density divided by total number.  The effective specific heat capacity is obtained by dividing total heat capacity (C = cm) by total mass.

The most variable gas in the atmosphere is water vapor, which is measured by its partial pressure, e.  Specific humidity [qv = v/a = Mwe/(Map)] is conserved when there is no condensation or evaporation, even under variations in pressure and temperature.
Kinetic Theory of Gases

The Boltzmann principle describes the distribution of energy states for a system in thermal equilibrium

p(Ei)~ exp((Ei/(kT))2)

The Maxwell distribution of velocities is given by

n(vi)dvi ~ exp(mvi2/(2kT))

where i = 1..3 representing velocity in the x, y, and z directions.  The distribution of speeds is given by

n(s)ds ~ s2exp(-0.5*(mv/(kT))2
These rules can be used to derive the ideal gas law, the isothermal hypsometric equation, the heat capacity of an ideal gas, and other properties that will be discussed later in the class.

Hydrostatic Equation

Geopotential is a scalar function of position in the atmosphere constructed so that the combination of gravitational acceleration and the apparent centrifugal acceleration are obtained via

g = -(
For a still, “hydrostatic” atmosphere, gravity force is balanced by pressure gradient
(p = -(
In the vertical, this is given by,

dp = -g0dZ
where Z ~= z, and is called the geopotential height.  It is needed in problems (usually large zonal scales) where the deviation of gravity from g0 is noticable.

Including the ideal gas law, this is written

dlnp = -(Mag0/(R*T))dZ
The book defines a virtual potential temperature that buries the molecular-weight dependence of density within it, Tv = T(Md/Ma), so

dlnp = -(Mdg0/(R*Tv))dZ
The quantity in parentheses is 1/H, where H is the scale height of the atmosphere.  The hypsometric equation treats a column as though it were at some fixed, average virtual temperature, <Tv> for which the effective scale height, <H> is constant

(p/ps) = exp(-Z/<H>)

and

Z2 –Z1 = <H>ln(p2/p1)

Because the physical thickness of a layer between two fixed pressures is related to its temperature, and the pressure difference is directly related to the amount of mass in the layer, horizontal variations in temperature affect the horizontal altitudes of constant pressure surfaces.
Thermodynamics
First Law

dQ = dU + dW

where dQ is heat added to a system of fixed mass, dU is the change in internal energy of the mass (dU = CvdT = mcvdT), and dW is the work done by the mass on the environment (dW = pdV).  So energy going in is converted either into internal energy, or is used to do work on the environment.  The only way it can do work on the environment is to expand.

We divide all quantities by the mass, m, to get specific heat values

dq = cvdT + pd
In the atmosphere we often work with pressure as our vertical coordinate frame – or in any case, pressure is more useful to keep track of than density.  In this case we can rearrange terms and get

dq = cpdT - dp
The term cpdT is called the change in enthalpy (h = cpT).  The total quantity cpdT - dp is called the change in dry static heat content.  A “dry adiabatic” process conserves dry static heat content.

cpdT - dp = 0

cpdlnT - (R*/Ma)dlnp = 0

integrating this we can define a “potential temperature”, , such that 

 = T(p0/p)2/7
where p0 is sea-level pressure.  For cases in hydrostatic equilibrium, we can treat pressure as a local vertical coordinate, and get

cpdT + g0dZ

as an alternate expression for dry static heat content.  For a dry adiabatic and hydrostatic column, (such as a well-mixed boundary layer) this yields the dry adiabatic lapse rate
dT/dZ = -g/cp = d
for which
  = T + dZ = constant
Humidity in air
The number concentration of water vapor is best related to the temperature and the partial pressure of water vapor

e = nvR*T

or the specific humidity

qv = (Mw/Ma)(e/p)

We can also define a mixing ratio

w = (Mw/Md)(e/(p-e))

which has the advantage that it is insensitive to variations in the molecular weight of air.  In this class, we have typically used the specific humidity and ignored variations in the molecular weight of air.  The next step of accuracy would be Ma ( Md/(1 + 0.61w)

Humidity is most relevant for the consenation/evaporation process, which happens when water vapor is near its saturation value
When water vapor condenses to liquid water, it releases an amount of heat

dQ = - Lvdmv
When it “deposits” to ice, it releases a bit more,

dQ = - Lsdmv
where Ls = Lv + Lm.  Values can be found in the book and previous notes.

We defined a moist static heat content of air that treats the potential heat of vaporization as an internal energy source

change in moist static heat ( cpdT + g0dZ + Lvdqv
The equivalent potential temperature is given in the book after a couple of approximations to be
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For well-mixed boundary layers for which e has only small variations, we can write

de = dT + ddZ + (Lv/cp)dqv
Within clouds, condensation and evaporation normally happens to keep specific humidity at its saturation value.  For the saturation value we were able to derive

dlnes/dT = LvMw/(R*T2)

which, when integrated, yields an approximation that

es(T) = (6.11 mb)exp(-5400K/T + 19.77)

The saturation, or relative humidity, is given by

S = e/es(T)

and the saturation specific humidity is given by

qs(p,T) = (Mw/Ma)(es(T)/p)

Below cloud, relative humidity is inversely related to saturation specific humidity.
Within cloud, we derived the moist adiabatic lapse rate by requiring that S = 1, and then relating dqs(T,p) explicitly in terms of dT and dp, and then used hydrostatic equilibrium to get dp in terms of dZ.
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The book calls this the “saturated adiabatic lapse rate”  I prefer “moist adiabatic”

Static Stability
Static stability rested on the fact that the “lift” on a parcel of air in equilibrium equals its weight

agV = buoyant force

If an object with a different density than the ambient air is in the space, then the net force is equal to 

F = (a-gV

We used this to calculate what the change in lift on an air parcel imbedded in an atmosphere with lapse rate would be.  We ended up with
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where a is the adiabatic lapse rate of the parcel (either dry outside of cloud, or moist in the presence of cloud drops).  If the lapse rate is steeper than the adiabatic value, then the air is unstable, meaning the force will act to accelerate the parcel away from its original position.  If the lapse rate is less steep than the adiabatic value, the parcel will be stable.  Note that the bifurcation in stability criteria for dry vs. moist conditions leads to greater instability (less tolerance for steep environmental lapse rates) for clouds.  This leads to a triggering effect, where once clouds begin to form, there is a positive feedback for further rise.
Entropy and Heat engines
The final lectures used the concept of heat engines to further clarify how entropy is a useful concept.  Without going into the details, I’ll just reiterate that when heat flows from a high temperature (high-quality, or low entropy per unit energy) source to a lower one, the heat can be partially trapped to do work, where the fraction trapped depends on the relative difference in the temperatures of the heat source and sink.
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